We study inflation and entropy generation in a recently proposed pre-big-bang model universe produced in a collision of gravitational and dilaton waves. It is shown that enough inflation occurs provided the incoming waves are sufficiently weak. We also find that entropy in this model is dynamically generated as the result of the nonlinear interaction of the incoming waves, before the universe enters the phase of dilaton driven inflation. In particular, we introduce a measure for the entropy produced in the collision in terms of the focusing lengths of the incoming waves.
Introduction
Pre-big-bang cosmology (PBB) [1] has evolved in recent years into one of the main trends in string cosmology. In spite of its many nice features there is a current discussion in the literature as to what extent the resolution of the flatness and homogeneity problems within the PBB picture requires a certain amount of fine tuning [2] .
In a recent paper [3] we have proposed a cosmological scenario in which the universe starts in a trivial state characterised by a bath of plane gravitational and dilatonic waves which, upon collision, generate PBB bubble universes. These bubbles act as possible seeds for a Friedman-Robertson-Walker (FRW) universe in the spirit of PBB cosmology. The proposed scenario [3] should be seen as a realisation of the picture of Bounanno, Damour and Veneziano (BDV) [4] .
The aim of this Letter is to study some relevant phenomenological implications of the wave collision induced PBB cosmology. To this end we will be focusing our attention on two issues: the conditions for successful inflation and the production of entropy in the scenario. Though it was shown in [3] that there exists a dense region in parameter space, for which the PBB inflation takes place, it is important to clarify further as to whether such favourable initial conditions would lead to sufficient inflation. In particular, we will see that inflationary requirements leading to consider large black holes as the seeds of PBB bubbles in the original BDV picture here imply the weakness of the incoming waves. Therefore, these waves can be regarded as emerging from perturbations of flat space-time. With respect to entropy production, unlike in the original BDV scenario where the origin of entropy remains rather vague, we will see that entropy in our model is generated dynamically as a result of the wave collision.
In the wave collision induced model universe, one starts in the remote past with noninteracting plane gravi-dilatonic waves. It was argued in [3] that such a state should be identified as one with a minimum entropy, for both gravitational and matter sectors. This assumption is based on the following reasons: i) Simplicity: Plane waves have no nonvanishing curvature invariants, and thus are, apart from Minkowski spacetime, the simplest geometries one may think of.
ii) Symmetry requirements: With the advent of the string theory and its alphabetic generalisations (M-theory and F-theory) our view on the initial state of the universe has changed considerably. In particular one is led to think that the primordial universe should be described by some exact string background which at later time evolves into a FRW-like universe. In this light, Penrose's proposal [5] of assigning zero gravitational entropy to backgrounds with vanishing Weyl curvature (a particular case of which is the FRW metric) seems to be too restrictive. This is especially evident in the context of PBB cosmology where the universe originates in a highly perturbative state and only evolves into a FRW phase after a graceful exit phase. Plane gravitational waves, being exact string backgrounds [6] , are ideal candidates to represent this PBB primordial state [7] .
iii) Absence of particle creation: The fact that in the vicinity of plane waves there is no quantum creation of particles enforces the idea that plane waves are zero gravitational entropy states. Even using Penrose's original suggestion [5, 8] where the "number of gravitons" contained in the gravitational field could be adopted as a measure of entropy, plane waves are likely to be associated with minimum gravitational entropy.
We now briefly summarise some features of the model universe described in [3] (the reader is referred for details to the original paper). The universe starts in a distant past with weak, strictly plane waves propagating on a flat background. Eventually these waves collide breaking the plane symmetry in the interaction region (Fig. 1) . Just after the collision takes place at some t i < 0, physics is dominated by the superposition of two noninteracting null fluids so the geometry is described by a Doroshkevich-Zeldovich-Novikov (DZN) line element [9] . This phase is followed by an intermediate region where the nonlinearities of gravity become important and the evolution then becomes nonadiabatic. Finally, as we approach the caustic singularity the universe enters a Kasner phase (for t K < t < 0) where matter is effectively described in terms of a stiff fluid and the evolution is adiabatic. In this region the geometry is given by a generalised Kasner line element whose exponents depend on one spatial coordinate alone. In Einstein frame this metric can be written as
where we have normalized the scale factors to their values at the beginning of the Kasner epoch, t = t K . The generalised Kasner exponents α i (z) are determined by the initial data on the null boundaries of the interaction region. In terms of the gravitational and scalar source functions ǫ(z) and ϕ(z) given, in turn, by quite complicated line integrals of incoming data [3] , the Kasner exponents can be written as
where
. They satisfy the following relations
On the other hand the dilaton field near the singularity behaves like
with
and φ 0 being some constant zero mode that determines the string coupling constant at the beginning of dilaton driven inflation (DDI), g st = e 1 2 φ0 . Since we have normalized the metric and the dilaton at the beginning of DDI the natural scale in Einstein frame in this regime will be the Planck scale at t K , ℓ P l = e 1 2 φ0 ℓ st . We will assume in the following that the dilaton field does not vary very much from the initial boundaries to the onset of the Kasner regime, so φ 0 ∼ φ(t → −∞). In this case asymptotic past triviality implies that φ 0 ≪ −1.
Successful inflation
In [3] it was shown that there exists a dense set of points in the ǫ(z)-ϕ(z) plane for which the models undergo PBB inflation in string frame. These inflationary models correspond in Einstein frame to a contracting universe where all Kasner exponents α i (z) are positive.
The question however remains of whether successful inflation, i.e. enough number of efoldings, can be achieved in the collision induced PBB scenario and if so how the amount of inflation relates with the initial conditions in the collision. In this section we will analyse how the requirement on the number of e-foldings translates into the strengths of the incoming waves. Since the Kasner exponents are analytically related to the initial conditions, we can perform a fully general analysis of the PBB inflationary era by just looking at the Kasner regime. Different particular solutions in the interaction region will be encoded into different source functions ǫ(z) and ϕ(z), which in turn will translate into different set of Kasner exponents through Eqs. (2) .
In the picture of colliding waves one starts with the collision of two gravi-dilatonic waves with some focal lengths L 1 and L 2 . As a result of their interaction, the waves will focus each other to form a caustic singularity in the interaction region after a time |t i | ∼ √ L 1 L 2 has elapsed, as measured in the Einstein frame [10] . Physically speaking, the focusing lengths of the incoming waves give the measure of their strength; long focal lengths correspond to weak waves and thus it takes very long time till a singularity forms, whereas strong waves are characterized by short focal lengths.
The amount of inflation occuring during some time period in the string frame in each direction can be expressed as the ratio of the initial (t =t 1 ) and final (t =t 2 ) comoving Hubble radii given by the three functions
where the tilde indicates quantities in the string frame. Evaluating explicitly Z i and using Einstein frame variables in the Kasner regime where both the expressions of a i (t) and φ(t) are given by Eqs. (1) and (4), we find
Notice that the largest Z i corresponds (for t 1 < t 2 ) to the direction with the smallest Einstein frame Kasner exponent. In order to analyse the total amount of inflation during DDI we still need to determine when the inflationary regime comes to an end. We consider that DDI begins at t 1 = t K when the universe enters the Kasner regime. On the other hand, to determine the moment at which inflation is over we should look at the instant of time when the low energy approximation breaks down. Thus, we will take t 2 = t f as the time at which either curvature reaches the string scale or the effective string coupling becomes of order 1.
Let us work out the first possibility. By imposingH
st in at least one of the three directions, we find for t 2 the following expression in the Einstein frame
where p min and α min are the smallest Kasner exponents in string and Einstein frame respectively. The reason for this is that in the inflationary region 2/(β + 2) > 1 [3] , therefore we conclude that in order to define t f we should take the largest |p j |. Since in this region all p i are negative the direction with the largest value of |p i | corresponds to the one with the smallest Kasner exponent (in both the Einstein and the string frame). Yet a different constraint on t f can be obtained by looking at the time when the string theory coupling becomes of order 1. Given the form of the dilaton field in the Kasner regime (4) we have that the effective string coupling is given by
In particular, it can be seen that, since β < 0 for the solutions leading to PBB inflation, the effective coupling blows up when t ∼ 0. If we take t f as the time at the onset of strong coupling effects (g eff ∼ 1) where our approximation breaks down, we find
By looking at Eqs. (8) and (9) we see that long periods of inflation (t inf = |t K − t f |) can be achieved by either taking |t K | ≫ ℓ st or e φ0 ≪ 1. The first case will correspond, generically, to the case of long focusing times (i.e. very weak waves), whereas the second condition is just equivalent to asymptotic past triviality [4] .
To quantify the amount of inflation we can now proceed to evaluate Z i using the definition (6) to find (cf. [11] )
and in order to solve the flatness/horizon problem we have to require
Now, the condition for getting a sufficiently large value for Z i translates into a condition on two parameters, namely t K (which depends on the initial focal lengths L 1 , L 2 ) and the zero mode of the dilaton φ 0 . In any case, it is possible to find which kind of corrections (α ′ or g st ) will end inflation by looking at Eqs. (8) and (9) . From there we can get a critical value of t K such that when t K > t crit ≡ −|p min |e φ 0 β ℓ P l DDI will be terminated by the onset of α ′ corrections. On the other hand if t K < t crit string loop corrections will become relevant first and will signal the end of the inflationary period. Notice that the requirement of asymptotic past triviality, together with the fact that for inflationary solutions β < 0, implies for generic models that |t crit | ≫ ℓ st ≫ ℓ P l so the crossover between the two regimes occurs well inside the region of applicability of the low energy approximation.
We can now translate the condition (11) into constraints on the parameters of the initial waves (their focal lengths L 1 and L 2 ) and the zero-mode of the dilaton field φ 0 . In the situation when the duration of inflation is determined by the excitations of massive string states (t K > t crit ) Z i is given by the first entry on the right hand side of Eq. (10). Thus, the requirement (11) implies for a model with reasonably small deviations from isotropy, i.e.
we have a bound on the strength of the incoming gravi-dilatonic waves
Therefore, assuming for simplicity that both incoming waves have similar focal lengths, we arrive at the conclusion that successful inflation will be achieved for extremely weak waves.
In the cases with t K < t crit and the end of inflation is triggered by string loops corrections we get a bound on the zero mode of the dilaton, namely
2 which corresponds to a very weakly coupled string theory at the beginning of DDI. Consequently, we conclude that successful inflation occurs for very weak incoming waves and/or very weak initial string coupling. The condition of having extremely weak initial waves is very satisfactory, since these may be considered as emerging from fluctuations in flat space-time. Besides, since the focusing time for these waves will be very long we can argue that, on general grounds, for sufficiently weak waves t K < t crit and inflation therefore will be terminated by the onset of string loop corrections. If we compare with the original BDV proposal we see that our condition on the strength of the incoming waves corresponds to their condition of starting with a large black hole. It is worth noticing, however, that in the wave collision induced version of the BDV scenario the "fine tuning" of the size of the black hole is automatically achieved if the incoming waves are viewed as small fluctuations on an otherwise trivial background.
Incidently, we find as a bonus that particle production in the interaction region for weak incoming waves is negligible [12, 13] . Thus, as in [4] , emerging homogeneity is not expected to be spoiled by quantum corrections.
Entropy production
A different phenomenological issue which will be addressed here is the entropy production. We start with the assumption that before the collision between the waves takes place, both matter and gravitational entropy are zero [3] . As the result of the collision, entropy will be generated from its zero value close to the null boundaries to a nontrivial entropy content as the universe approaches the singularity. Since the rate at which gravitational entropy grows is difficult to estimate we will focus our attention on the production of matter entropy.
As explained in the Introduction, the interaction region of the two incoming waves can be divided into three regions (Fig. 1) . Just after the collision takes place at t i the matter content of the universe can be satisfactorily described in terms of a superposition of the two incoming non-interacting null fluids and the metric is given by a DZN line element. In this regime the evolution is very approximately adiabatic and almost no entropy is produced. This almost linear regime comes to an end as soon as the gravitational nonlinearities take over and we enter an intermediate phase where the dynamics of the universe is dominated by both velocities and spatial gradients. Now the evolution is no longer adiabatic and matter entropy is generated. In this regime the matter content of the universe cannot be described in terms of a perfect fluid equation of state and some effective macroscopic description of the fluid, such as an anisotropic fluid or some other phenomenological stress-energy tensor, should be invoked [14] .
The production of entropy will stop at the moment the velocities begin to dominate over spatial gradients and the evolution becomes adiabatic again, the matter now being described by a perfect fluid with stiff equation of state p = ρ. The transition to an adiabatic phase will happen either before or at t K when the universe enters the Kasner phase. From that moment on no further entropy is produced up to the end of DDI. The relative duration of these three regimes crucially depends on the strength of the incoming waves and on the initial data. It is straightforward to show that for both gravitational and scalar waves the ratio of spatial gradients versus time derivatives dies off as 1/ √ L 1 L 2 and therefore it takes the universe a time of order √ L 1 L 2 before the Kasner-like regime is reached, fixing the duration of the nonadiabatic phase.
To evaluate the matter entropy production in the whole interaction region one would need, in principle, to consider the full solution for the metric and the dilaton as given in terms of the initial conditions on the null boundaries [3] . Instead, we will try to perform a more general and quantitative analysis of how much entropy is produced in this scenario. As discussed above, all the entropy is generated in the intermediate phase between the adiabatic DZN and Kasner regimes. In order to estimate how much entropy is produced we argue as follows. The only relevant physical parameter involved in the problem within the interaction region is the product of the focal lengths of the waves. Therefore, in principle, one should be able to express the produced entropy as simple function of this product. To "calibrate" the function we consider a wave collision producing in the interaction region a space-time locally isometric to that of a Schwarzschild black hole. In that case the focal lengths of the incoming waves are related with the mass of the black hole by M = √ L 1 L 2 /ℓ 2 P l (see for example [12] ). Now we can write the Bekenstein-Hawking entropy of the black hole S = 4πℓ 2 P l M 2 in terms of the focal lengths of the incoming waves as S = 4πL 1 L 2 /ℓ 2 P l . Thus we will assume that the total entropy produced as the result of the collision is given by S = κL 1 L 2 /ℓ 2 P l with κ a numerical constant of order 1. A further justification for this assumption can be found in the analogy between the temperature of the created quantum particles in both the black hole and the colliding wave space-time which scale like T ∼ 1/M and
As pointed out above, in the Kasner regime (in Einstein frame) the matter content of the interaction region is given by a stiff perfect fluid. If we consider a generic bariotropic equation of state, p = (γ − 1)ρ, the first law of thermodynamics implies that the energy density ρ and entropy density s ≡ S/V evolve with the temperature T as
where σ is a dimensionful constant which in the particular case of radiation (γ = 4/3) is just the Stefan-Boltzmann constant, and the temperature is given by the usual relation T −1 = (∂s/∂ρ) V . Using Eqs. (12) and (13) we easily find that for a stiff perfect fluid (γ = 2) the entropy density s can be expressed in terms of the energy density as
On the other hand, the time evolution of the energy density of a stiff perfect fluid in a Kasner universe is such that ρ ∼ t −2 so we find that s ∼ t −1 . In our case the matter content of the universe is given by the dilaton field. We can obtain σ in Eqs. (12) and (13) by using Eq. (14) for the initial values of the energy and entropy densities at the beginning of DDI. Following Ref. [15] we assume that the total entropy S = κL 1 L 2 /ℓ 2 P l is the entropy contained inside the Hubble volume at t K . On the other hand, the initial value of ρ is given by ρ i =φ(t K ) 2 /(4ℓ 2 P l ), so we finally find σ < ∼ 1/(β 2 ℓ 2 P l ). Physically speaking, σ gives the information about the number of states in the effective stiff fluid. Here we see that this constant is determined by the Planck scale and the source function for the dilaton field in Einstein frame given in Eq. (5) .
Before closing this Section we briefly discuss whether the entropy produced before the DDI phase complies with different cosmological entropy bounds. To study Bekenstein's entropy bound [16] it is convenient to define the function [17] (h = c = 1)
where R, the effective radius of the system, can be defined following Refs. [18, 17] as the maximal extension of the particle horizon in the three spatial directions. If we concentrate our attention on the region near the end of inflation t ∼ t f where we are in the Kasner regime it is easy to see that the particle horizon is largest in the direction with the smallest Kasner exponent α min . Then, the function f (P ) scales with time as (the superscript indicates that we are using the particle horizon to define the size of the system)
This is of course expressed in the Einstein frame. As it turns out, evaluating Bekenstein bound in the string frame just comes down to substituting Einstein frame quantities by string frame quantities in the above equation. Looking at Eq. (16) we see that, since 1 − α min > 0 the function f (P ) (t) goes to zero as t approaches the singularity. Actually, the value of this function at the end of DDI scales with the number of e-foldings in the direction of α min as f
min . Therefore Bekenstein bound is well satisfied near the curvature singularity. On the other hand, if we were to evaluate the function f (P ) at earlier times a detailed analysis of the intermediate region where entropy is produced would be needed. For this one would have to use some particular solution in the interaction region, for example those studied in [3] .
In the cosmological version of Bekenstein entropy bound the size of the system is determined by the particle horizon. However, one could use instead the event horizon which is proportional to the Hubble radius. In the Kasner regime the Hubble radius in the j-th direction is given by
we are led again to select the direction with the smallest α j (recall that for inflationary models 0 < α j < 1). Evaluating the function f (H) (t) we find that it is constant for the whole Kasner epoch and solely determined by the initial conditions
where by ≃ we mean that we are dropping the multiplicative constant of order one relating the event horizon with the Hubble radius and the second expression is obtained by using the bound for σℓ 2 P l calculated above. The condition f (H) ≤ 1 corresponds then to the entropy bound proposed by Veneziano (see [15] and references therein). It is worthwhile mentioning that all inflationary solutions satisfy the bound. The corresponding function in string frame, f (H) , is also constant and can be obtained by substituting the constants on the right hand side of (17) by their string frame counterparts.
We therefore see from (17) that the Hubble entropy bound will be satisfied depending only on the initial condition and in particular it is fulfilled whenever DDI occurs. It is interesting to notice that, since the Hubble radius is a "local" quantity which only depends on the expansion/contraction rate at a given instant, the function f (H) (t) contains no information about the history of the universe beyond the one encoded in its dynamical evolution. In particular, there is no dependence on what happened before the universe entered the Kasner regime between the times t i and the time t K . This contrasts with f (P ) (t) which, due to the nonlocal character of the particle horizon, encodes even in the Kasner regime information about the pre-Kasner epoch. Furthermore, one should not be surprised that Veneziano's bound is time-independent in this example. By using the event horizon one is basically assigning a black hole (maximum) entropy to the solution which in the case of the stiff fluid coincides with that of the black hole anyway (cf. [19] ).
Discussion
In this Letter we have investigated some phenomenological aspects of the picture for PBB cosmology proposed in Ref. [3] . In particular, we have focused our attention on two special aspects of the model: the conditions for successful inflation and the entropy generation.
As to the requirement of successful inflation we have found that sufficiently weak incoming waves will lead to necessary number of e-foldings to solve the homogeneity and flatness problems. This provides quite a natural picture where the waves might be seen as small perturbations on a flat space-time producing upon collision the PBB bubbles. One of the alleged "fine-tunings" of the BDV picture was the necessity of starting with very large black holes in order to produce sufficient inflation during the PBB phase. In our picture, this requirement is translated into a rather "natural" condition of having extremely weak incoming waves.
With respect to the production of entropy we have seen, that entropy is generated dynamically as the result of the nonlinear interaction of the incoming waves. Thus, the following picture emerges. As argued in [3] the universe starts as a bath of gravitational and dilatonic plane waves with zero total (matter+gravitational) entropy. The waves eventually interact and, before producing a singularity, the universe passes through a stage of nonadiabatic evolution where entropy is created (Fig. 1) . The process of entropy generation ends when the universe enters the regime of adiabatic (perfect fluid) evolution. This happens at the onset of the Kasner phase or earlier, depending whether velocities dominate over spatial gradients at or before entering the Kasner regime. We have also argued that the total entropy generated in the interaction region should be proportional to the product of the focal lengths of the incoming waves, S = κL 1 L 2 /ℓ 2 P l . We have checked that the Bekenstein entropy bound is satisfied close to the singularity and can only be violated at earlier times. However, the conditions favourable for a long lasting inflation seem to comply with the Bekenstein entropy bound. At any rate, a more detailed analysis of the bound in the intermediate region (Fig. 1) would require some (probably numerical) analysis of particular solutions in the interaction region. On the other hand we have seen that all DDI solutions satisfy the so-called Hubble entropy bound.
To close, the results of our analysis suggest a picture in which some collisions occur within a primordial "cold" bath of weak gravi-dilatonic waves. Before entering into the DDI stage the universe undergoes a nonadiabatic transient epoch where entropy is produced. If the waves are weak enough (as one would expect if they result from small fluctuations of the backgrond) the resulting PBB bubble can become the seed of a FRW universe of the kind we see at present. In order to study the scenario analytically we have confined the initial data to strictly plane incoming waves. Nonetheless, it would be great to understand the problem in terms of more general pp waves which have finite tranverse size. Note, however, that unlike plane waves, pp waves do polarise the vacuum, and assigning initial zero entropy to those would be somehow less natural.
